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Quantum Group Symmetries in Conformal Field 
Theory 



KRZYSZTOF GAWEDZKI 

CNRS, IHES, 91440 Bures-sur-Yvette, France 



AbstractEl Quantum groups play the role of hidden symmetries of some two-dimensional 
field theories. We discuss how they appear in this role in the Wess-Zumino-Witten model 
of conformal field theory. 

1. WZW model 



Wess-Zumino-Witten (WZW) model [1] occupies an important place in the 
conformal field theory: it is a model of two-dimensional quantum massless 
0^ ' fields exactly soluble for energy spectrum and correlation functions; it is 

also a generating theory for a rich family of other conformal field theories 
which may be obtained from the WZW one by various versions of the so 
^ ■ called coset construction [2] [3] . It is a 1 -|- 1-dimensional analogue of -|- 1- 

^D \ dimensional particle on the group G (for simplicity, we shall assume G to 

be a compact matrix group). The motion of the particle on G is described 
by the classical equation 

dtigdtg-^) = 0. (1) 

On the quantum level, the system may be solved by harmonic analysis on 
G. The quantum space of states is L'^{G) and carries the representation of 
GxG. _ 

g^: L\G)=^Vx^V^ (2) 

^. ■ 

where V\ denotes the irreducible highest weight (HW) A representation of 
G. The Hamiltonian is proportional to the quadratic Casimir operator. The 
multiplication by matrix elements of g £ G may be expressed in the realiza- 
C^ ' tion (2) of LP'{G) as a bilinear combination of Clebsch-Gordan coefficients 

for the tensor product with the fundamental representation, i.e. as a bilinear 
expression in intertwiners of representations of G. 

The WZW model may be viewed as describing the particle on the loop 
group LG. The classical equation of motion is 

d^{gd+g-^) = ^ (3) 

where d± = d/d{x^ it x^) and we shall consider the cylindrical geometry 
with x^ taken mod 2tt. The quantum theory is solved by harmonic analysis 



^ Talk given at Oji Seminar on Quantum Analysis, Kyoto, June 25-29, 1992 
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on the Kac-Moody group LG, the central extension of the loop group. The 
space of states is 

0^M®^M (4) 

A int. 

where the level fc, a fixed positive integer, is the value of the central charge 
of LG and A runs through the finite (fc-dependent) set of the so called 
integrable highest weights. The symmetry of the model is LG x LG where 
the factors act on, respectively, left- and right-moving degrees of freedom. 
The spaces V^^x and Vk,\ combine diagonally in eq. (4) due ot the coupling 
between the left- and right-movers which share a finite number of degrees of 
freedom. The field operators of the WZW theory are bilinear combinations 
of intertwiners of representations of LG. 

There are several ways to see,manifestations of the hidden quantum group 
symmetry in the WZW models. The labeling of the representations Vk^x is 
similar to that of the "good" representations [12] of the Drinfeld-Jimbo 
quantum group [13] [14] Uq{Q) for q = q'^^/(.^+^^) (Ji is the dual Coxeter 
number of Q, the Lie algebra of G) . The exchange algebra of the intertwining 
operators is given by the 6j-symbols of hlq{Q) [15]-[17]. In the free field 
description of the WZW theory [18] [19], the quantum group describes the 
homology of the contours of screening charge integrals [20]-[23]. Let j{x) be 
the current giving the infinitesimal version of a representation vr of LG by 

7r(X) = ftvj{s)X{s)ds (5) 



for X £ LQ. In representation of central charge k, current j satisfies the 
commutation relations 

\j{x)i,j{y)2] = U{x)iC - Cj{y)2) 5{x -y)- {ik/27:)C 5'{x - y) (6) 

where ji = j ® Id, J2 = Id® j and G = Y.t"- ®t"- (^ Q ® Q , tr t"t^ = 5"'' . 
Eq. (6) may be viewed as the defining relation of the Kac-Moody algebra 
LQ. Various aspects of the Uq{Q) symmetry in the WZW model may be 
formally explained by postulating that the monodromy operators 

M{x) = Pe - (7) 



^ See also [4] -[6] for the related work concerning the minimal or Liouville theories and 
[7]- [9] for an attempt at a more general, less model dependent approach relating the 
quantum-group-like symmetries to the theory of superselection sectors and field statistics 
in the spirit of [10] [11] 
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satisfy the Uq{Q) relations 

MiR-M2{R+y^ = R'PhiR^y^Mi (8) 

where R is a pair of solutions of the quantum Yang-Baxter equation 

-^12-^13-^23 = -R23-Rl3-Rl2- (9) 

Operators (7) appeared (implicitly) in [24] and were explicitly discussed as 
generators of hlq{Q) in [25]. The problem is that, as written above, they are 
very singular objects due to the short distance singularity of currents j{x). 

2. Lattice Kac-Moody algebra 

A possible way out from the above difficulty has been proposed in a series 
of papers [26]- [29] which introduced the lattice version of the Kac-Moody 
algebraa. This allows to build the regularized version of the WZW model 
preserving essentially all the symmetries of the continuum WZW theory and 
at the same time making explicit the quantum group symmetry hidden in 
the continuum version of the theory. 

View Zat as an A^-point lattice in S^. The lattice Kac-Moody algebra /Cat 
proposed in [26] [27] is given by matrix generators J{n), n € Z/vr, satisfying 
the quadratic relations 

J(n)iJ(n)2 = ii+J(n)2J(n)ii?-, 

J(n)ii?-J(n- 1)2 = J(n- 1)2 J(n)i, 

J(n)iJ(m)2 = J{m)2J{n)i for \n — m\>l. 

The other relations are the deformations of the det = 1 conditions for SL{n) 
etc. For SL{2) they read Jii(n)J22(n) — q~^J2i{'n)Ji2{'n) = q^'"^ (here the 
subscripts "ij" refer to the matrix element of J{n)). The SL{2) i?-matrices 
are 






00 0\ /a 000 



\ 



I q'^-q 

1 

V q-^J 



R- = 0-1/2 



fq 0\ 

1 

q-q-^ 1 

VO q/ 



Operators J{n) should be thought of as regularized versions of parallel trans- 
port operators P exp[{k + fi)~^ J^^^j^ j{s)ds] [26]. 

Algebra JCn contains quantum group Uq{Q) as the monodromy which is 
now, unlike in eq. (7), defined by a regular expression: 

M{n) = J{n + N - l)J{n + N -2)--- J{n). (10) 



See [30]- [33] for related proposals concerning the Liouville and Toda theories 
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M{n) satisfy relations (8). For the SL{2) case, we may write 



1-" (?-' - 1)S+ \ ( ««" 



"-f'r. " /" K(,-:-,5^ ,-) <"' 



where 



[5^ 5^] = ±s^, 

Algebras Km may be also viewed as interpolating between quantum group 
lAq{Q) and the enveloping algebra U{LQ) when N goes from 1 to oo. 

3. Conformal invariance on lattice 

The algebraic manifestation of the conformal invariance underlying the 
continuum Kac-Moody algebras is the action of the orientation-preserving 
diffeomorphisms of the circle D £ Diff+S'^ on the currents 

which induces automorphisms of LQ. The latter are unitarily implementable 
in the HW representations: 

!i^j{Dix)) = UDJ{x)UD~\ 

D \-^ Ud is a projective representation of Diff-|_S'^ giving, on the infinitesimal 
level, a representation of the Virasoro algebra. 

This structure essentially descends to the lattice. Let 

be an increasing map such that D{n + N') = D{x) + N (N' < N). Thus D 
describes blocking of intervales of lattice Zjv into those of Zjv'. D induces a 
"block spin" homomorphism of the lattice Kac-Moody algebras T> : ICj\fr -^ 

V{J{n)) = J{D{n + 1) - 1) • • • J{D{n) + l)J{D{n)). (12) 

On the lattice, the conformal transformations are represented by 
a (local) renormalization group! 

If we relabel algebras /Cat by arbitrary triangulations T of S^ (i.e. split- 
tings of S^ into intervals In) renaming the generators as J{ln) then the 
block spin homomorphisms give rise to homomorphisms Lt',t '■ ^T -^ ^T' 
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for T' finer than T. One may define the continuum limit algebrao /Coo as 
the inductive Hmit of algebras Kt- Any D G Diff+5^ defines an isomor- 
phism V : ICt — > K^D(T) which descends to /Coo- As a result, Diff+S"^ acts by 
automorphisms on /Coo showing that the block spin homomorphisms indeed 
encode the conformal invariance. 

In continuum, the generators of the Virasoro algebra implementing con- 
formal invariance in the HW representations of the Kac- Moody algebra are 
given in terms of current j{x) by the Sugawara construction. On the lattice, 
the block spin homomorphisms 2? may be also implemented in the class of 
representations that we shall study below. If D is a rigid rotation of Ztv 
then we may expect that the implementing maps are expressible in terms 
of generators of /Ctv- Such lattice Sugawara expressions for the (Minkowski 
time) transfer matrix are not known yet except for the U{1) case, see below. 

4. Free field representations of the Kac-Moody algebras 

In continuum, there are various ways to approach the construction of the 
HW representations Vk^x of the Kac-Moody algebras. 

1. In the algebraic approach [34] one starts from the concept of Verma 
modules of LQ and analyzes their reducibility studying the structure of 
singular vectors with the Kac-Kazhdan determinant formula, construct- 
ing the BGG resolution etc. 

2. In the geometric Borel-Weil type approach [35] one constructs Vk^x as 
the space of holomorphic sections of a line bundle over LG/T (T is the 
Cartan subgroup of G). 

3. Finally, more recently, another algebraic approach to the HW represen- 
tations of LQ has been obtained [18] [19] [36] [37] by representing current 
j{x) by free fields and constructing V^^x as a cohomology of a complex 
of Fock space (Wakimoto) modules of the Kac-Moody algebra. 

From those three approaches at least the last one carries over to the 
lattice so let us sketch some of its essential points. We shall stick to the 
SL{2) case. The free fields one uses to represent j{x) are chiral scalar field 
0(a;) satisfying 

[(/)(x), (^(y)] = ^^^ sgn(a; - y) (13) 

or the corresponding u{l) current d(j) ( (J){x + 2tt) = (j){x)+T:r/{k + 2) where 
r is the momentum) and the 13^ system /?(x), 7(x) (periodic in x) s.t. 

[P{xll{y)] = ^^5{x-y) (14) 



* Its generators are P exp[J'''(fc + /i") ^j{s)ds\ which are singular in the standard 
continuum Kac-Moody algebra 
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(all other commutators vanish). These fields act in the standard Fock spaces 
Tr (labeled by the eigenvalues of r). 

k+2 ( id(t)+ : h : dl3-2ipd(t)-:(i^^:\ 
■' 2tt y ry -id(p- : (3^ : J ^ ' 

gives the Lsl{2) currents and turns the Fock spaces into the (Wakimoto) 

Ls^(2)-modules. For r = 1, . . . ,k + 1, using the (regularized) powers of the 
screening charge integral 

x+2'rr 

Q{x)= I 7(s) :e2^<^(^) : ds , (16) 

X 

one obtains the following (x-independent) complex of Fock space modules 

(j) = k + 2) 

••• -^ J--r+2p -^ -Tr ^> J--r -^ •^r-2p ^ ••' UU 

whose cohomology is concentrated at J> and provides the HW representation 
of Lsl{2) of level k and spin ^(r — 1) [19]. The intertwining chiral fields are 

//3:e-<^:Q /3 : e-<^ : \ 
''-{ : e-*^ : Q : e"^^ : ) ' ^^^> 

Each raw of the matrix defines an operator between the complexes (17) 
which projected onto their cohomology gives the component with magnetic 
number ±1/2 of the spin 1/2 primary field of the WZW model [38]. The 
real fields of the WZW theory are bilinear combinations of fields h and their 
right-moving partners. 

5. Lattice free fields 

One may build the representations of the lattice Kac-Moody algebra 
/Cat using (deformed) free fields. Below, q^'"^ = o^^/^'^y^'^'^i' so that q is 
a primitive 2p-th root of unity. We shall need lattice versions of the u{\) 
current and of the (3^ system. 

5.1. n(l) CURRENT 

The lattice n(l) algebra IAn is generated by invertible elements 0(n), n G 
Ztv, with the relations 

e(n)G(n + l) =^^/2e(n + l)e(n) (19) 



9210100.tex - Date: February 1, 2008 Time: 1:51 



QUANTUM GROUP SYMMETRIES IN CONFORMAL FIELD THEORY 

(all other generators commute). Think about Q{n) as of a regularized version 

r27r(n+l 
hnn/N 



of exp[i/2^^"^ d(l){s)ds] . Un becomes a *-algebra if we put 0(n) 



e(n)^i. 

Consider, for N odd, the representations of Un acting in the space 
spanned by orthonormal vectors \a) where a = (aQ,a2, ■ ■ ■ ,aAr_i) , a2n G 
Z4p , E a2n = 0: 

e(2n) |a) = Z2n q"^"^'^ \a) for 2n<N -1, 

9(2n + l)|a) = Z2„+i |(ao, • • • , a2„ + l,a2n+2 - 1, • • • aiV-i)) , 

e(iV-l)|«) = zjv-i(?"^-^/=^+(^+^)/'|(ao-l,«2,.. 

... ,aAr_3,aAr_i + 1)) 

where |z„| = 1. 

Proposition. [39] The above formulae give irreducible ^-representations of 
Ujsf. They are equivalent iff they correspond to the same eigenvalues of the 
central elements e{n)'^P = z{n)'^P and U = q-^/^Q{N -!)••• 0(1)9(0) = 
Y\zn. Every irreducible ^-representation of Un is equivalent to one of the 
above. 

Below, we shall study uniquely representations with 0(n)^P = 1 (we could 
have included this condition into the defining relations of Un)- In those 
representations, the rigid rotation of Zjv by two units may be implemented 
by elements U € Un'- 

UQ{n + l) = Q{n-l)U 

where 

U = (4p)-^/2 Y^ ^'iaoa^-i 0(^ _ i)aiv-i . . . Q(l)«i 0(0)"". (20) 

an6Z4p 

Notice that, except for the boundary term, U is a. product of local expres- 
sions. Eq. (20) gives the lattice version of the Sugawara construction of the 
WZW Hamiltonian for the abelian group. 

The case of N even is similar. 

5.2. /37 SYSTEM 

Consider algebra B with generators B, T and relation 

qBr-q-^TB = q-q-\ (21) 

B^ and T^ generate the center of B and we have different classes of repre- 
sentations depending on the eigenvalues of those elements. 
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1. If in an irreducible representation F^ 7^ then T is invertible and we 
may introduced D = T^^ — B satisfying 

If D = we get the l-dimensional representationB of 0. If D 7^ 0, the 
representations of B are periodic: we may find a basis \s), s G Zp, s.t. 

r|s)=Ci|s + l), B\s)=(2q-^'\s). 

The periodic representations are characterized by the eigenvalues of 
TP = Cf and of BP = Ci"^ + Cf • 

2. The case F^ = but B^ 7^ may be treated similarly. 

3. Finally, if F^ = and B^ = 0, we either have a trivial representation 
or a HW representation in p-dimensional space spanned by states \s), 
s = 0,1, . . . ,p — 1, with the action 

F|.) = 

B|s) = 

The lattice P^ system is obtained by taking a copy of algebra B for each 
lattice site: 

Bn= (g) 0. 

neZjv 

We shall denote its generators as B(n) and F(n). Bn may be represented in 
the space spanned by vectors \s) , B(n) , F(n) acting on the n-th component 
of s = (sq, Si, ... , sjy-i) . Below, we shall only consider the HW representa- 
tions of Bn so that we could include B(n)^ = T{n)P = into the defining 
relations of Bn- The periodic representations might be also of interest but 
we shall not study them here. 

In the HW representation, the rigid rotation of Z^r by one unit is imple- 
mented by element U G Bn, 

N-l 
an,l3„GZp n=0 

■T{N - 1)* (1 - F(iV - l)B(iV - 1))°^^-! B(iV - 1)^^-1 

• • • F(l)^2 (1 _ r(l)B(l))"i B(l)^i F(0)^i (1 - F(0)B(0))"« B(0)'^o , 



\s 


+ 1) 


if 


s < 


P- 


■1, 









if 


s = 


p- 


1, 








(1 


-Q 


-2.) 


\s - 


-1) 


if s 


> 


0, 





if 


s = 


0. 











^ I owe this observation to L. Faddeev and A. Volkov 
® This possibihty was pointed to me by R. Kashaev 
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such that 

UB{n + l) = B{n)U, 
f/r(n+l) = T{n)U. 

5.3. Lattice Wakimoto representation 

It win be convenient to put together the lattice u{l) fields and the (3^ 
system in a somewhat twisted way defining their action on vectors \a, s) = 

\a) (gi \s) by 

Q{n)\a,s) = q''"+^~''"{Q{n)\a))(g)\s), 
B{n)\a,s) = |a)(8)(B(n)|s)), 
T{n)\a,s) = |a) O (r(n) |s)) . 

Taking different representations of Un and the HW representation of Bn, 
we obtain this way irreducible representations (labelled by the eigenvalue 
z of n) of algebra Un^Bn , a twisted tensor product of Un and Bn ■ We 
shall denote by Tiz the corresponding representation space. 

The lattice version of the Wakimoto realization (15) of the Kac-Moody 
currents by free fields is given by the formulae 

J-^^(n) = -e{n)B{n) + q-^/^e{n)-^B{n+l){l-T{n)B{n)), (22) 

J22{n) = q^/^e{n)-\l-r{n)B{n)) 

which define a homomorphism from the lattice Kac-Moody algebra /Cjv to 
Um®Bn and turn each representation space Tiz of the latter into a (Waki- 
moto) /CAT-module. These modules are irreducible if z^^ ^ 1. For z = q^, 
r = —p + 1, . . . ,p — l,p, their reducibility may be studied by adapting to 
the lattice the cohomological constructions of [19]. 

6. Bernard-Felder cohomology 

We shall have to adjoin to the u{l) algebra Un the zero mode ^(0) s.t. 
8(0)^(0) = ^-1/2^(0)0(0), 

e(iv- 1)^(0) = ^-1/2^(0) e(iv-i) 

and all other commutators are trivial. ^(0), which divides the eigenvalue of 
n by q, may be implemented in the sum of representation spaces of Un with 
H = q^ . We shall also let it act in (BTi-qr by 

*(0) \a,s) = q'° (^(0) \a)) \s) . 
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More symmetrically, we may construct the lattice u{l) vertex operator (^^ 

g#(27rn/Ar)\ 

$(n) = G(n - 1) ... 9(1) 6(0) *(0) forn > , 

$(n) = e(n)-^..e(-2)-ie(-l)-^^(0) forn<0. (23) 

The screening charge integral is now defined by 

n+N-l 

Q(n)=n~i J2 r{m)^{mf, (24) 



compare eq. (16). It is related to the lower left matrix element of the mon- 
odromy matrix (10) in the Wakimoto realization (22): 

Q{n) =qM2i{n)^{nf 

and thus (see eq. (11)) to the Uq{sl{2) lowering operator. The relation of 
the screening charge integrals to quantum groups has been observed in [20] 
and was developed in [21] -[23] into a theory of topological realizations of 
quantum groups. 

Q{n) acts as an operator from Tiz to Tiz' , z' = g^^z, in a nilpotent way: 
Q{n)P = 0. Besides, for r = 0, 1, . . . ,p, powers of Q{n) define complexes of 
/CAT-modules 

— > 'Hq-r — > Tiqr — > T~(-q-r — > , 



— > Tiqr — > Tiq-r — > Tiqr — > . 

In other words, the powers of Q{n) above (independent, in fact, of n) com- 
mute with the action of /Cjv as given by eqs. (22). One may show that the 
above complexes are exact in the middle. We conjecture that the remaining 
cohomology 

Hqr D ker Q'' = U'qr = Hq-r/ im Q^ = n'q-r (25) 

and 

Hq-r D ker gP-" = n'^-r ^ Hqr/ im QP"'^ = H'qr (26) 

gives irreducible representations of ICn- This is true, for example, for A^ = 1 
when )Cn reduces to Uq{sl{2)) . 
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7. WZW theory on lattice 

The chiral intertwining operators on the lattice are 

/(n-n-i)M/(n)+B(n)M/(n)-iQ(n) B(n)M/(n)-i\ 

In comparison with the expression (18), notice additional term in the uper 
left corner of (27) killed by Wick ordering renormalization in the continuum. 
Intertwiners (27) map space (BTi-qr into itself and descend to cohomology 
(25), (26). 

The above constructions have been adapted to the left-moving sector of 
the WZW theory. In the ones for the right-moving sector (distinguished 
below by the bar), we should replace q hy q = q~^ . The space of states of 
the lattice WZW theory may be taken as 

r=l 

or as 7i" using the doubly-primed spaces. The real fields of the lattice WZW 
model are then 

g{n,rn) = h{n)h{rn)~ (28) 

acting in spaces Ti' or W, g{n^ m) = g{n + N,m + M). 

It should be stressed that the resulting theory lives on Minkowski lattice 
(n, m in eq. (28) are integer valued light-cone variables). The model has 
essentially all the symmetries of the continuum WZW theory (in deformed 
form), including the conformal covariance. Its relation to quantum groups 
is explicit. Let us conclude by listing some open problems. 

1. As mentioned above, the lattice counterpart of the Sugawara construc- 
tion of energy-momentum is not known apart from the abelian case. 

2. The continuum limit is not easy to understand even for the u{l) case. 
One should expect it to take place in a weak form, for vacuum expec- 
tation values or traces of products of operators. Studying the first ones 
would require a choice of vacuum on the lattice (among many states 
invariant under lattice translations). The traces (e.g. the characters of 
the lattice Kac-Moody algebra) seem more accessible. 

3. In the above constructions we did not study the unitarity properties of 
representations of /Cat or of the intertwining fields. One knows that in 
the continuum this is difficult within the free field approach, even when 
the cohomology of the Fock space modules gives unitary HW represen- 
tations of the Kac-Moody algebra. It remains to be seen if there exists 
a (deformed?) version of unitarity properties on the lattice. 
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4. There is a close relation between the two-dimensional (chiral) WZW 
model and the three dimensional Chern-Simons theory [40]. For exam- 
ple, the space of the fixed-time Chern-Simons states on the disc is the 
basic representation of the Kac- Moody algebra [41]. The Chern-Simons 
theory seems to possess lattice versions given by constructions [42] [43] 
of 3-manifold invariants from quantum groups. The lattice WZW model 
described above should be related to the latter. It seems that the clue to 
understanding this relation should be the fusion of lattice Kac-Moody 
algebras generalizing the coproduct for quantum groups and allowing to 
glue spaces of Chern-Simons states for more complicated topologies. 
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